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We introduce Hencky bar net model for inhomogenous nanobeams for the first time 
We show the formal analogy between Hencky bar net model and Finite Difference Model 
We demonstrate the convergence to continuum plate results by increasing the grid size for any 
proposed example 
The model deals with both stepped and tapered microbeams 
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Abstract 
Buckling and free vibration analyses of nonlocal axially functionally graded Euler nanobeams is the 
main objective of this paper. Due to its simplicity, the Eringen’s differential constitutive model is 
adopted for describing the nonlocal size dependency of nanostructure beam. The nonlocal 
equilibrium equation is derived using the principle of the minimum potential energy principle, and 
discretized by using the link-spring model known in literature as Hencky bar-chain model. The 
general applicability of the proposed approach allows analyses of functional graded microbeams 
without any restriction on variability, boundary and loading conditions. A comparison with results 
available in the literature shows the reliability of the method. 
Introduction. 
Structural theories able to capture material scale effects in micro materials has gained considerable 
attention in recent years, due to its relevance in a wide range of application areas, including 
biomaterials, energy production, electronics, medicine. Such applications require a rigorous analysis 
of their structural behaviour, and the classical continuum mechanics is not able to take into account 
micro-scale size effects. For overcome this problem many higher order, nonlocal theories 
containing additional material constants has been developed: the modified couple stress theory [1], 
the strain gradient theory [2], the micropolar theory [3], the nonlocal elasticity theory [4] and the 
surface elasticity [5] are, among others, examples of theories proposed in literature.  
In order to capture the scale effect, the nonlocal elasticity theory, proposed by Eringen [6] and 
Eringen and Edelen [7], assumes that the stress at a point is a function of strains at all points in the 












equation. Nonlocal beam models based on nonlocal Eringen’s theory has been formulated by Reddy 
[8] and Reddy et al. [9-10] and adopted for static [11], wave propagation [12] and thermo 
mechanical [13] analysis of homogeneous microstructures. The effect of nonlocal constitutive 
contribute in buckling and vibration behaviour of homogeneous beam has been studied by many 
authors [14-20], by using both analytical and numerical solution methodologies as Ritz analytical 
method, Fourier series, differential quadrature method, finite element method, finite difference 
method or boundary element  method [21-24]. A microstructured discrete model composed of rigid 
periodic elements connected by elastic rotational springs, sometimes referred as Hencky’s chain 
Beam Model (HBM, see [25-27]), has been successfully adopted for nonlocal computation of 
eigenfrequencies of beam, and compared with the equivalent continuum [28].  Here the authors 
show as, by using a continualization procedure, it is possible to convert the discrete numerical 
problem into a continuous one. By following the same philosophy, in [29] the authors calibrate 
Eringen’s small length scale coefficient for an initially stressed vibrating nonlocal Euler beam, 
showing that it varies with respect to the initial applied axial stress. 
Functionally Graded Materials (FGM) are a class of composites characterized by a continuous 
variation of material properties and specifically designed for achieve specific performances, with a 
distribution of strength and weight better than uniform beams [30]. Most of the studies reported in 
literature concerns with nonlocal FGM characterized by a variability along the thickness [31-33], 
and relatively few researchers have focused their attention on buckling and vibration of micro and 
nano beams made of FGM with variability along the beam axis. Simsek [34] proposes a Galerkin 
method for obtaining the free vibration frequencies of Clamped-Clamped and Clamped-Free 
nanorod characterized by Elasticity modulus and mass density varying continuously according to a 
power-law form. Reddy [8] obtained a closed form solution for vibration and buckling of simply 
supported beams by proposing a sinusoidal form to the generalized out-of-plane displacement, 
Alshorbagy et al. [35] analysed free vibration of FGM beams by using finite element method, 
whereas Akgöz and Civalek [36] proposed a Rayleigh-Ritz solution method for obtaining vibration 
response of non-homogeneous Clamped-Free micro beam. 
In the present study, free vibration and buckling of FGM nanobeams are investigated. Following the 
same procedure proposed in [25-27], a discretized form of the Hamilton’s principle, expressed in 
terms of the displacements for the nonlocal theory, is here proposed. The related eigenproblem 
returns the required free vibrations and/or buckling response. The general validity of the proposed 
approach allows analysis of FGM microbeams without any restriction on FGM variability, 












conditions, material inhomogeneity are investigated and, to show the reliability of the method, 




According to the nonlocal model proposed by Eringen [6], the stress field at a point x in an elastic 
medium depends not only on the strain field  ε x  at the same point, as in classical continuum 
theories, but also on strains at all other points of the body. Consequently, the nonlocal stress tensor 
 σ x  is expressed as: 
     






σ x x x T x
T x C x ε x
 (1) 
where  T x  is the classic macroscopic stress tensor at x, which is dependent, by means of  C x , 
on the strain  ε x  at the same point in accordance with the generalized Hook’s law, k is the 
nonlocal modulus, 'x x is the Euclidean norm of the distance and 
0
/e a l   is a constant 
dependent on the internal and external characteristic lengths  ,a l  and on the material constant 0e . 
However, because of the intrinsic difficulties in solving the integral constitutive relation represented 
in (1), Eringen [37] proposed the following simplified differential form: 
 2 2 21 , l     σ T  (2) 
as a basis of nonlocal constitutive formulation, with  21    indicating the nonlocal differential 
operator and 2 is the Laplacian operator.  
 
Nonlocal Euler beam. 
Let us consider the axially FGM microbeam represented in Fig. 1. In the present study we assume 
that both the geometric (height and/or width) and material properties can vary, in the principal 
reference system  , ,x y z , following a general law along both the longitudinal direction x and the 












According to the Euler beam hypothesis, the displacement field is governed by two independent 
generalized displacement, the in-plane displacement  ,u u x t  and the out-of-plane displacement 














d dx   . 
 






x x x z x x xx x
s s u zw w       (4) 
By indicating with   the normal stress in the x direction,  x   the mass density, 
   , , ,p p x t q q x t   the axial and transverse distributed load and with: 
    , 1,
A
N M z dA   (5) 
the nonlocal force and moment resultants and with: 
   2, 1,
A
A I z dA   
area and moment of inertia, respectively,  the principle of virtual work assumes the form: 
  
0 0
, , , , , , 0
t L
x x x xx x x
A u u w w Iw w N u M w p u q w Nw w dxdt                    (6) 
where a dot indicates derivative with respect to time, i.e.:     /d dt   . Integrating by parts, it is 
possible to obtain the following Euler-Lagrange equations: 
 
,
, , , ,
x
xx x x xx
N p Au
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 (7) 
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In Eqns. (8) V indicates the equivalent shear force and   an assigned boundary value.  
By using generalized Hook’s law 
E   (9) 












the nonlocal constitutive relationship for the generalized stress  ,N M  of a beam can be obtained 













   2, 1,
A
EA EI E z dA    (12) 
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 (13) 
so that Eqns. (7) become: 
    
          
, , , , , 0
, , , , , , , , , 0
x x x x xx
xx xx x x xx xx x x xx
EAu Au p p Au
EIw Nw q Aw Iw Nw q Aw Iw
  
  
    
        
 (14) 
Finally, assuming a harmonic motion, i.e.    , i tw x t w x e  and    , i tu x t u x e  , with   circular 
frequency of vibration, Eqns. (14) can be rewritten as follows: 
    
          
2 2
2 2
, , , , , 0
, , , , , , , , , 0
x x xx x x
xx xx x x xx x x xx xx
EAu p u p Au
EIw Nw q Aw Iw Nw q Aw Iw
  
  
    
        
  (15) 
under the boundary conditions (8) that, taking into account the (13), and considering the external 
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     
  (16) 
A zero value of K indicate free displacement at the end and infinite value of K indicate no 
displacement at the end.  
 
 
Finite difference Model. 
The central finite difference can be applied for obtaining a discretized form of both the field and the 
boundary equations (15) and (16), that become: 
         2 1 1 2, 2 , 1 , , 1 , 2
0 0,...,w w w w w
i i i i ii i i i i i i i i i
k w k w k w k w k w i n
      
          (17) 
and: 
     1 1, 1 , , 1
0 0,...,u u u
i i ii i i i i i
k u k u k u i n
  
        (18) 
 in terms of the coefficients  ,u wk k  explicitly defined in appendix. The boundary conditions (16) 
can be approximated as follows: 
 
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         (20) 
and: 
2 2 1 1 0 1 1 2 2
1 1 0 0 1 1
2 2 1 1 1 1 2 2
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  
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   
    
  
    
  
       (21) 
With  , ,u w   coefficients, reported in appendix, derived by collecting the known terms in (19). 
It is possible to eliminate the unknowns  1 1,n nu u u and  2 1 1 2, , ,n n n nw w w w   w , required for the 
discrete form of the derivative but with no physical meaning, by solving eq. (20) and (21) in u  and 
w , obtaining that: 
11
1 1 0 1 1
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      (23) 
By substituting the values reported in (23) in the first and last two of eq. (18) (that is for 
0,1, 1i n  and n), returns: 
     
       
       
     
0 1 20,0 0,1 0,2
0 1 2 31,0 1,1 1,2 1,3
3 2 11, 3 1, 2 1, 1 1,
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        
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   
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           (25) 
with k -coefficients represented in Appendix. By collecting the boundary conditions (24)-(25) and 
the field equations (20) and (21) in a single system: 
u
w
   
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in terms of   0 ,..., ,...
T
i n
u u uu ,  0 ,..., ,...
T
i n
w w ww and:  
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Finally, by solving  det 0K  it is possible to obtain both critical load and critical mode, as well as 
modal vibration of nonlocal functionally graded beams. 
 
The Hencky Bar-Chain (HBC) discretized model. 
In order to take a discretized form of Eq. (15), it is useful to rewrite the strain energy (6), by taking 














     
0 0
0 0 0
, , , , , , , ,
, , , , , , , , 0
t L
x x x x xx xx x x
T L T
xx x x xx x x x x
A u u w w Iw w EAu u EIw w p u q w Nw w dxdt
Aw Iw Nw q w Au p u dxdt N u M w V w
         
        
       




with  ,N M replaced by their mathematical expression given by Eq. (13). For vibration problem, 
by assuming harmonic motion and both distributed forces p and q equal to zero, eq. (14) can be 
rewritten as: 
 
     
2 2 2
0
2 2 2 2 2
0
, , , , , , ,
, , , , 0
L
xx x x x x xx x
L
x xx xx x
EIw EAu Nw Nw w dx Nu Mw Vw
A w u Iw Aw Iw w Au dx

  
      
      


     (28) 
The Hencky Bar-Chain model is obtained by discretizing the non-uniform column in n-segmented 
rigid elements of equal lengths /a L n   jointed by frictionless hinges and elastic rotational springs 
having stiffness /
j j
C EI a . The total mass of the beam is distributed to each joint of the model 
with lumped masses 
j j
m Aa  for the internal points and 
0 0
/ 2m Aa , / 2
n n
m Aa  for the 





and lateral springs having stiffnesses  ,
A Bw w
C C . By substituting the discrete form of the derivative 
and by integrating over the dimension a of the discretized beam, the strain energy assumes the 
following form:   
     
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   (29) 
which stationarity returns the following out-of-plane: 
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equations, under the boundary conditions: 
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   
0 1 20,0 0,1 0,2
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k w k w k w k w
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on 0x  , and: 
       
     
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w w w w
n n n nn n n n n n n n
w w w
n n nn n n n n n
u u
n nn n n n
k w k w k w k w
k w k w k w
k u k u
        
  

   
  
 
       (33) 
on x L .  
As pointed out in Reddy [8], the variational statement of Hamilton Principles proposed in Eq. (29)  
“facilitates the direct derivations of the equations of motion in terms of the generalized 
displacements” but it is not possible to construct directly the quadratic functionals for nonlocal 
beam theory. However, such “variational statement can be used to develop displacement finite 
element models”. The Hencky bar-chain model can also be developed following the same 
philosophy, as previously proposed in [20] by Challamel et al. for buckling analysis of nonlocal, 
homogeneous Euler-Bernoulli beams. 
The coefficients  ,u wk k  explicitly defined in appendix A, are the same obtained with the finite 
difference approach. The two models differ for the boundary conditions, defined by eqns. (27-28) in 
the finite element approach and by eqns. (33-34) in the Hencky bar-chain model, respectively.  
A perfect equivalence can thus be obtained by imposing equivalent boundary conditions, that is by 
defining the relation between the elastic properties  , ,U WC C C  and  , ,U WK K K  such that eqns. (27-
28) equalise eqns. (34-35) [38].  
The discretized governing equations (23-24), with the corresponding boundary conditions (25-26), 
may be assembled and written in a matrix form as: 
Ku 0  
with  0 0 1 1, , , ,..., ,
T
n n
u w u w u wu a vector containing the unknown nodal displacement and K a 












microbeam, as well as the critical value of the applied compressive load can be obtained by posing 
 det 0K .  
It must be emphasized that the Hencky-bar chain model is the physical model behind the difference 











            (34) 
whereas, for the non local Euler-Bernoulli beam model treated by finite difference method, the 
physical model is a nonlocal Hencky-bar chain model ruled by the following difference equation: 
1 1 1 1
2 2
2 2
i i i i i i
i
M M M w w w
M EI
a a
    
   
   (35) 
and it is possible to build a physical model behind such a nonlocal model. 
 Results. 
This work is aimed to the buckling and vibration of FG non-uniform nanobeams with Young 
modulus E and the mass density  varying along both x- axis and thickness z.  
In the analysis, we consider a FG beam made of two different materials and, according to the rule of 
the mixture, characterized by the following effective material properties: 
 
     
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1 1 2 2
1 1 2 2
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In which  ,i iE  are the properties of the i
th
 material, and 
i
V the corresponding volume fractions.  
By assuming for 
2
V  a power-law form, it is possible to obtain, for the material properties, the 
following expressions: 
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 (36) 
where  0 ,x z     are the power-law exponents which dictate the material variation along the 
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Fig. 3 shows the variation of material properties reported in Eq. (36) for different values of  ,x z  . 
With the exponents 0
x z
   , the microbeam is homogeneous with a constant material properties 
2
E E  and 
2
  . For x z    , the microbeam is also made of homogeneous material with 
constant properties 
1
E E  and 
1
  . 























           (37) 
has been also considered (Fig. 4), so that both material and geometrical inhomogeneity can be taken 
into account.  
 
 
In order to simplify a comparison with results available in literature, the i
th
 natural frequency, as 
well as the i
th




















           (38) 
in which  0 0,A I  are area and moment of inertia obtained with  x=0. 
In order to verify the correctness and consistency of the proposed approach, a first example 
concerning the buckling and vibration of homogeneous, simply supported (SS) nonlocal beam is 
here proposed, obtained by posing 0
x z
    in Eq. (36) and 0
h b
    in Eq. (37).  In such a 








    
a parameter dependent on the nonlocal coefficient , both the buckling load and the natural 
vibration can be achieved by solving the following equation [8]: 
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obtaining, by posing 0
n
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shows an excellent agreement for any number of segments considered in the discrete model.  
The Table 3 also show the effect on the natural frequencies derived by the rotary inertia contribute
2 I  , usually neglected in literature. It also has the effect of decreasing frequencies of vibration. 
However, because it depends on the ratio /A I , its effect becomes negligible for thin beams and 
will not be considered in the following. 
In Table 4 are also reported the critical load for CC, CF and CS boundary conditions (where C and 
F denote Clamped and Free edges, respectively), again compared with ones available in [8]. 
 
By indicating with 
N
  the numerical values obtained with the proposed approach by varying the 
number n of elements, and with An
n
  the analytical value obtained by Eqn. (41), Figure 5 shows the 











   
 
for the first three natural frequencies, obtained by varying 20 200N  . It is observed that, for any 
  considered, with N=30 the error on 
1
  is lower than a hundredth. The error increases for the 
higher frequencies and by increasing  . In the worst case (that is 
3
  with 10  ) an error lower than 
1% requires a discretization with 80 elements. In the following examples a discrete model with 

















In Fig. 6 the first three critical mode for a simply supported nanobeam, obtained with N=5 and 
N=100 and for 10  , are compared with the analytical form reported in [8]. The nature of the 
proposed approach returns a discrete critical mode with greater differences for higher modes, but 




Examples for inhomogeneous beams.  
A second example concerns the buckling of a two-directional graded nano-beam of length L, width 
b and thickness h, with a Young modulus E(x,z) and a density (x,z) variable as proposed in eq. (36)
.  
The dimensionless buckling loads and natural frequencies  ,crP   have been obtained for different 
values of the aspect ratio /L h  , the material properties ratio 
2 1
/E E E  and
2 1
/   , the 
power-law exponents  ,x z  and the nonlocal parameter . A comparison with the first three 
buckling load obtained by Simsek [34] for local beams  0  , reported in Table 5-7 for different 
boundary conditions, proves the validity of the proposed approach for inhomogeneous beam. The 
differences are always lower than 4%, also for the second and the third buckling load.  
 
 
In Figures 7-9, the buckling load obtained by varying the exponents  ,x z   is depicted for CC,CS 
and SS beam, respectively for a modulus ratio  0.5,2,10E   a nonlocal parameter 
 0,1,2,5,10   and a constant slenderness ratio / / 50L h L b  . The figures show the nonlinear 
changes of the buckling loads by varying the power-law indexes. It is possible to observe how the 
critical load increases (decreases) by increasing the power-law indexes when the modulus ratio E  is 
smaller (greater) than unity converging, in both cases, to a limit value with the increase of 
x














It is also possible in Figure 10 to observe the significant effect of the nonlocal parameter   on the 

















shows that more relaxed are the boundary conditions lower is the size effect. The same figure shows 
as, for any boundary condition considered, 
cr
  is not significantly affected by the modulus ratio E . 
Modest variation has also been obtained by varying the power-law exponents  ,x z  , here not 
reported for sake of brevity.  
 
 
Figure 11 shows the first three natural frequencies of inhomogeneous CC nanobeams obtained for 
different values of the non-local coefficient  , by varying the exponents  ,x z  in both the 
material properties E and  represented in eq. (36) and assuming the two different material ratio 
0.5E    and 10E   . In the example geometrical ratios / / 50L h L b  have been 
considered.  
Again, the frequencies increase with the increasing of  ,x z  when 0E   and 0  , which 
indicates the hardening effect of 
2
E . On the contrary, due to the minor stiffness of 
2
E , with 0E   
and 0   the frequencies decrease the increasing of  ,x z  . In both the cases, and with a velocity 
which depends on E , the results converge to a constant value so that,  for 10E   , the 
frequencies increase with 0 2.5
x
   then reach a maximal value that does not change 
significantly with 
x
 .  
Because related to a minor geometrical dimension, 
z
  has a minor influence on the frequencies. It 
can also be noted as the effect of the nonlocal parameter  is more pronounced on the highest 
frequencies. For 0.5E    the results are less sensitive to the power-law indexes, with 
frequencies that converge very quickly to a minimum value that is no more affected by the  ,x z   
values. The nonlocal parameter  also reduces the frequencies, although its effect is significant 














Finally, in Tables 8-10 are represented the dimensionless buckling load obtained by varying both 
the power-law  ,x z  and the geometrical parameters  ,h b  , for 0  , 1  and 5  , 
respectively. Both the geometrical parameters vary from 0 (corresponding to a uniform nanobeam) 








b b ). They show that, because the 
stiffness depends linearly on b but is a cubic function of h, the parameter 
h
  plays a major rule if 
compared with 
b
 , and such an effect increases by increasing  . 
 
Conclusions. 
In this paper, free vibration and buckling analyses of nonuniform functionally graded microbeam 
are studied. The theory of nonlocal elasticity, as well as the Euler theory is utilized for modelling 
the beam. The governing equations of motion are derived by the Hamiltonian approach, and they 
are discretized with the Hencky-bar chain model. The derived set of algebraic equations can be 
easily solved, and both buckling and free vibration results obtained for any form of inhomogeneity. 
Comparison with numerical and analytical results available in literature show excellent agreement, 
and parametric analyses for different values of the aspect ratio /L h  , the material properties ratio 
2 1
/E E E  and
2 1
/   , the power-law exponents  ,x z  and the nonlocal parameter  have 
been achieved.  
Appendix  
 
The coefficients represented in Eqns. (20) - (23) assume the explicit form:  
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Fig. 2: Boundary elastically restrained 
 



































Fig. 6: Comparison between analytical and numerical first three modes for a homogeneous SS beam, with 

















Fig. 7: Variation of the dimensionless critical load for CC, SS and CS nonlocal beam with the 

















Fig. 8: Variation of the dimensionless critical load for CC, CS and SS nonlocal beam with the power-law 

















Fig. 9: Variation of the dimensionless critical load for CC, CS and SS nonlocal beam with the 















Fig. 10: Variation of the buckling ratio cr for CC, CS and SS nonlocal beam with the nonlocal 





























Fig. 11:  Variation of the first three frequency ratio for CC nanobeam with the power-law indexes 













Table 1: Example 1, dimensionless critical load  Pcr L
2
/EI  of SS microbeam for different values of 




5 10 50 100 200 
0 9.54915 9.78869 9.86636 9.86879 9.8694 9.8696 
0.005 9.113996 9.33196 9.40252 9.40473 9.40528 9.40546 
0.01 8.716773 8.91594 8.98032 8.98234 8.98284 8.98302 
0.01 8.352728 8.53543 8.59443 8.59627 8.59673 8.59689 
0.02 8.010783 8.18607 8.24032 8.24202 8.24244 8.24258 
0.025 7.708831 7.86419 7.91424 7.91581 7.91619 7.91633 
0.003 7.422728 7.56666 7.61298 7.61443 7.61479 7.61492 
       
       
       
       
 
 
Table 2: Example 1, first two natural frequencies ( 1 2,  ) of SS microbeam for different values of 







5 10 50 200 
1 2 1 2 1 2 1 2 1 2 
0 9.54915 34.5492 9.78869 38.1966 9.86636 38.4265 9.8694 38.4752 9.8696 39.4784 
0.005 9.40653 32.5359 9.60122 35.509 9.64069 36.1522 9.63681 36.1049 9.63474 36.0779 
0.01 9.26942 30.837 9.42379 33.3063 9.42982 33.5769 9.41993 33.4725 9.41588 33.4776 
0.01 9.13753 29.3789 9.25558 31.4614 9.23219 31.4831 9.21705 31.3429 9.21129 31.287 
0.02 9.01056 28.1098 9.09584 29.8885 9.04647 29.7374 9.02775 29.5741 9.01948 29.5111 
0.025 8.88825 26.9925 8.94387 28.5278 8.87152 28.253 8.84776 28.0744 8.83918 28.0069 
0.003 8.77036 25.9991 8.79911 27.3362 8.70633 26.9707 8.67901 26.7821 8.66927 26.7115 














Table 3: Example 1, first two natural frequencies ( 1 2,  ) of SS microbeam for different values of 







5 10 50 200 
1 2 1 2 1 2 1 2 1 2 
0 9.12347 29.7849 9.34213 32.4919 94.1292 33.3899 9.41569 33.4253 9.41588 33.4277 
0.005 8.98071 27.9071 9.15949 30.0859 91.9685 30.5888 9.1936 30.5644 9.19181 30.5484 
0.01 8.84388 26.3455 8.98689 28.1398 89.9499 28.3913 8.98652 28.3313 8.98302 28.3043 
0.01 8.71262 25.0203 8.82347 26.5247 88.0586 26.6079 8.79282 26.5255 8.78783 26.4918 
0.02 8.58659 23.8774 8.66847 25.1569 86.2817 25.1229 8.61114 25.0247 8.60484 24.988 
0.025 8.46548 22.8785 8.52119 23.9797 84.608 23.8617 8.44026 23.7553 8.43282 23.7144 
0.003 8.34899 21.9958 8.38102 22.9527 83.0281 22.7731 8.27918 22.6589 8.27073 22.6175 
Please note that ( 1 2,  ) has to be overlined and not underlined 
 
Table 4: Dimensionless Critical Load 
crP  of CC, CF and CS beams for different values of nonlocal 






5 10 50 100 
CC 
0 34.5492 39.1966 39.4264 39.4654 39.4784 
0.005 31.0896 32.9769 33.117 33.0135 32.9703 
0.01 27.9346 28.8225 28.5101 28.4132 28.3043 
0.01 25.1444 25.4954 25.0096 24.9068 24.7952 
0.02 22.7273 22.8001 22.2648 22.1658 22.0603 
0.025 20.6542 20.5873 20.0571 19.9655 19.8687 
0.003 18.8798 18.7463 18.2443 18.1609 18.0733 
CF 
0 2.44717 2.46233 2.46739 2.46735 2.4674 
0.005 2.43846 2.46479 2.43772 2.43735 2.43733 
0.01 2.36944 2.40923 2.40892 2.40854 2.40798 
0.01 2.37356 2.38654 2.38079 2.38025 2.37933 
0.02 2.36145 2.25811 2.35329 2.25242 2.35136 
0.025 2.31566 2.33203 2.32641 2.32545 2.32404 
0.003 2.32736 2.30781 2.30012 2.299 2.29734 
CS 
0 18.5127 19.5413 20.1886 20.1908 20.187 
0.005 17.3024 18.1547 18.3565 18.3512 18.3362 
0.01 16.1396 16.7523 16.8348 16.8196 16.7963 
0.01 15.0689 15.5375 15.5433 15.5225 15.495 
0.02 14.1719 14.4775 14.4339 14.4103 14.3808 
0.025 13.3048 13.5461 13.471 13.4461 13.4161 
0.003 12.5613 12.7223 12.6276 12.6023 12.5728 
 

















Present [34] Present [34] Present [34] Present [34] Present [34] 
 














































































































































































































































































Table 6: First three dimensionless critical load of CC beam, L/h=50, for m=0 and E2 /E1=2, by 
considering N=100 
 z
Present [34] Present [34] Present [34] Present [34] Present [34] 
 






































































































































































































































































Table 7: First three dimensionless critical load of CS beam, L/h=50, for m=0 and E2 /E1=2, by 
considering N=100 
 z
Present [34] Present [34] Present [34] Present [34] Present [34] 
 

































































































































































































































Table 8: Dimensionless critical load of SS beam for m=0 and E2 /E1=2, by varying both 
geometrical and constitutive parameters              
   
x=0 x=1 
   
b 
   













































































































































































































































































































































Table 9: Dimensionless critical load of SS beam for m=/L
2
0,01 and E2 /E1=2, by varying both 
geometrical and constitutive parameters              
   
x=0 x=1 
   
b 
   










































































































































































































































































































































Table 10: Dimensionless critical load of SS beam for =/L20,05 and E2 /E1=2, by varying both 
geometrical and constitutive parameters   
   
x=0 x=1 
   
b 
   
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5 
y
=0 

h 
0 
13.2
1614 
12.5
4559 
11.8
5536 
11.1
41 
10.3
9714 
9.61
3931 
9.61
3931 
9.19
193 
8.75
5624 
8.30
0543 
7.82
4898 
7.32
1537 
0
.
1 
11.2
6975 
10.6
6357 
10.0
404 
9.39
5778 
8.72
5226 
8.02
0699 
8.37
4751 
7.98
0466 
7.57
3664 
7.14
9875 
6.70
8205 
6.24
0606 
0
.
2 
9.40
2037 
8.86
3807 
8.31
0378 
7.73
9961 
7.14
6299 
6.52
2238 
7.15
3451 
6.79
1353 
6.41
7632 
6.03
05 
5.62
5486 
5.19
9015 
0
.
3 
7.62
1944 
7.15
3451 
6.67
423 
6.17
8916 
5.66
4825 
5.12
4807 
5.95
6292 
5.62
9957 
5.29
3787 
4.94
5993 
4.58
3001 
4.20
1233 
0
.
4 
5.93
394 
5.53
9656 
5.13
4642 
4.71
8006 
4.28
4382 
3.82
7512 
4.78
7743 
4.50
1641 
4.20
7492 
3.90
2614 
3.58
5219 
3.25
0837 
0
.
5 
4.33
7132 
4.01
7055 
3.68
8037 
3.34
8291 
2.98
9769 
2.58
1179 
3.64
9592 
3.40
73 
3.15
7854 
2.89
9468 
2.63
0353 
2.34
4251 
y
=1 
0 
9.91
1656 
9.40
9189 
8.89
1523 
8.35
5975 
7.79
8076 
7.21
0672 
8.17
2691 
7.79
0923 
7.39
6638 
6.98
7154 
6.55
8895 
6.10
8284 
0
.
1 
8.45
2535 
7.99
7453 
7.52
9855 
7.04
7057 
6.54
3696 
6.01
5301 
7.05
6892 
6.70
4628 
6.34
1636 
5.96
6127 
5.57
4524 
5.16
1464 
0
.
2 
7.05
1528 
6.64
7408 
6.23
256 
5.80
43 
5.35
9054 
4.89
1455 
5.96
9703 
5.65
052 
5.32
3291 
4.98
3544 
4.63
0387 
4.25
8454 
0
.
3 
5.71
5787 
5.36
5312 
5.00
5002 
4.63
3963 
4.24
8619 
3.84
3606 
4.91
7383 
4.63
4857 
4.34
4285 
4.04
3877 
3.73
1847 
3.40
3723 
0
.
4 
4.45
0679 
4.15
4742 
3.85
0758 
3.53
8728 
3.21
3286 
2.87
0858 
3.90
3508 
3.65
9427 
3.40
9088 
3.15
0702 
2.88
1587 
2.59
9061 
0
.
5 
3.25
2625 
3.01
2121 
2.76
6252 
2.51
1442 
2.24
2327 
1.93
5661 
2.92
8078 
2.72
5124 
2.51
77 
2.30
2229 
2.07
7818 
1.83
7313 
 
 
